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The formulation of market equilibrium problems as mixed complementarity problems

(MCP) permits integration of bottom-up programming models of the energy system into

top-down general equilibrium models of the overall economy. Despite the general

appeal of the integrated MCP approach, dimensionality imposes limitations on practical

application. A complementarity representation involves both primal and dual relation-

ships, often doubling the number of equations and thereby the scope for error in

specification. When an underlying optimization model of the energy system includes

upper and lower bounds on many decision variables, the explicit treatment of income

effects may become intractable.

We present a decomposition of the integrated MCP formulation that permits a

convenient combination of top-down general equilibrium models and bottom-up

energy system models for energy policy analysis. We advocate the use of complemen-

tarity methods to solve the top-down economic equilibrium model and quadratic

programming to solve the underlying bottom-up energy supply model. A simple

iterative procedure reconciles the equilibrium prices and quantities between both

models.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

Top-down and bottom-up are the two modelling paradigms to represent interactions between the energy system and
the economy (IPCC, 1996; Hourcade et al., 2006). The terms ‘‘top-down’’ and ‘‘bottom-up’’ are short hand for aggregate and
disaggregated models. Models in the first category emphasize economy-wide features, while those in the second category
focus on sectoral and technological details. The dichotomy of energy–economy models into top-down and bottom-up
approaches is sometimes traced back to competing paradigms. It should be noted, however, that differences are less of
conceptual nature, i.e. due to controversial theoretical underpinnings, but simply relate to the different levels of sectoral
and technological aggregation as well as to the scope of ceteris paribus assumptions (Weyant, 1985).

Top-down models examine the broader economy and incorporate feedback effects between different markets triggered
by policy-induced changes in relative prices and incomes. They typically do not provide technological details of energy
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production or conversion. Energy sectors—like other non-energy sectors—are mostly represented in an aggregate way by
means of smooth production functions which capture substitution (transformation) possibilities via substitution
(transformation) elasticities. As a consequence, conventional top-down models cannot readily incorporate different
assumptions about how discrete energy technologies and costs will evolve in the future; top-down models may also violate
fundamental physical restrictions such as the conservation of matter and energy.

In contrast, bottom-up models—usually cast as mathematical programming problems—describe current and
prospective technologies in detail. They are therefore well suited to the analysis of specific changes in technology or
command-and-control policies such as efficiency standards. Beyond the lack of economy-wide interactions, a common
shortcoming of the bottom-up approach emerges from the integrability conditions of mathematical programs (see
Pressman, 1970; Takayma and Judge, 1971). Since first-order conditions impose efficient allocation, primal or dual
mathematical programs fail to account for initial second-best characteristics of the real world such as initial tax distortions
or market failures.

There are various hybrid modelling efforts that aim at combining the technological explicitness of bottom-up models
with the economic richness of top-down models. These efforts can be broadly classified into three categories. The first
category attempts to couple existing large-scale bottom-up and top-down models (e.g. Hofman and Jorgenson, 1976; Hogan
and Weyant, 1982; Messner and Strubegger, 1987; Drouet et al., 2005; Schäfer and Jacoby, 2006). Due to the heterogeneity
in complexity and accounting methods across the sub-models such a ‘‘soft-link’’ approach may face substantial problems in
achieving overall consistency and convergence of iterative solution algorithms. The second category focuses on one model
type complemented by ‘‘reduced form’’ representations of the other. A common approach within this category is the
linkage of bottom-up energy system models with a highly aggregate one-sector representation of macro-economic
production and consumption in a single optimization framework (e.g. Manne, 1977; Manne et al., 2006; Bahn et al., 1999;
Messner and Schrattenholzer, 2000; Bosetti et al., 2006).1 The third—more recent—category combines bottom-up and top-
down characteristics directly through the specification of market equilibrium models as mixed complementarity problems
(MCP—see Cottle and Pang, 1992; Rutherford, 1995). The explicit representation of weak inequalities and complementarity
between decision variables and market equilibrium conditions in the MCP formulation permits the modeler to capture both
technological details and economic richness in a single mathematical format thereby overcoming integrability constraints
(Böhringer, 1998; Böhringer and Rutherford, 2008). The availability of robust large-scale solvers for MCP problems (Dirkse
and Ferris, 1995) has promoted the implementation of hybrid energy–economy models in the MCP format to analyse
energy regulation policies (e.g. Böhringer et al., 2003; Frei et al., 2003).

Despite the appeal of the integrated MCP approach with respect to flexibility and overall consistency, complexity and
dimensionality may impose significant limitations on its practical application, when the optimization problem describing
the energy system includes upper and lower bounds on many decision variables. Simple upper and lower bounds can be
incorporated implicitly in an MCP framework, but when there are associated income effects an explicit representation is
required.

Here we propose a decomposition technique to exploit the advantages of the MCP approach while avoiding problems
arising from analytical complexity. We describe how an integrated MCP model can be decomposed and solved iteratively.
Complementarity methods are used to solve the top-down economic equilibrium model, and quadratic programming is
applied to solve the underlying bottom-up energy (supply) model. Rapid convergence of our iterative (Jacobi) algorithm is
observed when the energy sector is small relative to the rest of the economy, as is common in most industrial economies. In
this case, a Marshallian demand approximation in the energy sector model provides a good local representation of the
general equilibrium demand.

The remainder of this paper is organized as follows. In Section 2, we extend the top-down representation of economic
market equilibria as a MCP with an explicit bottom-up linear-programming sub-model of energy supply. In Section 3, we
lay out how the integrated top-down/bottom-up MCP model can be decomposed. In Section 4, we provide a stylized
numerical example and some illustrative computational experiments. Section 5 concludes.
2. Integrated model formulation

Market equilibrium models often involve complementarity between upper and lower bounds on equilibrium variables
and market equilibrium conditions. These features follow from optimizing decisions by economic agents. The
complementarity characteristics of a market equilibrium motivate the mathematical formulation of market equilibrium
problems as a MCP. The MCP approach provides a general mathematical format that covers weak inequalities, i.e. a mixture
of equations and inequalities, and complementarity between variables and functional relationships. It includes a wide
range of mathematical problems including systems of linear or nonlinear equations or mathematical programs (Rutherford,
1995). The MCP formulation relaxes the integrability constraints for equilibrium conditions which emerge as first-order
conditions from primal or dual optimization problems. This permits the direct representation of market inefficiencies such
1 Manne and Rutherford (1994) employ iterative methods to incorporate general equilibrium effects within the context of technology-oriented

bottom-up models.
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as distortionary taxes or spillovers that cannot be readily studied in an optimization framework (Böhringer and Rutherford,
2008).

In our formulation of an integrated top-down/bottom-up model we consider a competitive (Arrow–Debreu) economy
with n commodities (including economic goods, energy goods and primary factors) indexed by i, m production activities
(sectors) indexed by j, and h households (including government) indexed by k. We extend the MCP framework suggested by
Mathiesen (1985) by embedding an explicit linear-programming sub-model of energy supply in the economy. The decision
variables of the economy are p, a non-negative n-vector of prices for all goods and factors; y, a non-negative m-vector of
activity levels for constant-returns-to-scale (CRTS) production sectors; M, an h-vector of consumer income levels; and x, an
n-vector of energy system netputs (energy system outputs minus inputs).2

As in Mathiesen’s model a competitive market equilibrium for this economy is represented by a vector of activity levels,
a non-negative vector of prices, and a non-negative vector of incomes such that:
�

inc

equ

dist

con

sim

are
No production activity makes a positive profit (zero-profit condition)3:

�PjðpÞX0 (1)

in which PjðpÞ denotes the unit profit function for CRTS production activity j, which is calculated as the difference
between unit revenue and unit cost (i.e. PjðpÞ ¼ rjðpÞ � cjðpÞ).

�
 Excess supply, i.e. supply minus demand, is non-negative for all goods and factors (market clearance condition):X

j

rPjðpÞyj þ
X

k

ok þ xX
X

k

dkðp;MkÞ (2)

in which ok indicates the initial endowment vector for household k and dðk;MkÞ is the utility-maximizing demand
vector for household k.

�
 Expenditure for each household equals income (budget constraint):

Mk ¼ pT ½ok þckx� (3)

in which ck represents the share of energy sector rents that accrue to household k (rents depend on household
ownership of energy resources).4
Furthermore, we assume that the equilibrium levels of energy sector outputs and inputs are consistent with profit-
maximization by competitive agents who take market prices as given:
�
 Energy sector supply and demand vectors are profit-maximizing choices subject to technical constraints. That is,
x ¼ e� x, where energy sector supplies ðeÞ and demands ðxÞ jointly solve a linear-programming model. For concreteness,
we will assume that this bottom-up model can be written as

max pT ðe� xÞ (4)

subject to

Axþ BzXCe

e; xX0; ‘pzpu (5)

in which A;C 2 RM�n, and B 2 RM�N characterize technical constraints and z 2 RN denotes decision variables of the energy
system which may be subject to lower bounds l 2 RN and upper bounds u 2 RN .
In the integrated model formulation the linear program can be incorporated through the associated Kuhn–Tucker
conditions and solved simultaneously with the equilibrium conditions (1)–(3)5

CTpXp; eX0; eT ðCTp� pÞ ¼ 0

pXATp; xX0; xT ðp� ATpÞ ¼ 0
2 x accounts for electricity, oil, coal, and natural gas supplies to residential, industrial, and commercial customers less energy system inputs which

lude labor, capital, and (non-energy) intermediate inputs.
3 We omit tax distortions from this exposition solely to economize on notation. An important and appealing feature of the top-down general

ilibrium framework is its ability to address the welfare consequences of energy policy from a public finance perspective, i.e. accounting for initial tax

ortions and public sector budget constraints.
4 The equations which define consumer income levels are definitional and thus conceptually distinct from the zero-profit and market clearing

ditions. There is no explicit complementarity condition associated with the income variables which have been introduced solely in order to

plifying the expression of household demand.
5 p 2 RM denotes the optimal dual variable (shadow price) corresponding to the market balance constraint Axþ BzXCe. The vectors l 2 RN and m 2 RN

the dual variables associated with the lower and upper bounds constraint on z.
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Axþ BzXCe; pX0; pT ðAxþ Bz� CeÞ ¼ 0

‘pzpu; l;mX0; lT
ðz� ‘Þ ¼ 0; mT ðu� zÞ ¼ 0

lþ BTp ¼ m (6)

By linear-programming duality, primal and dual objective are equal, hence pT ðe� xÞ ¼ mT u� lT‘. Therefore, Eq. (3) can be
written as

Mk ¼ pTok þ ckðmT u� lT‘Þ (7)

and the hybrid bottom-up/top-down model composed of Eqs. (1)–(3), (4), and (5) is equivalent with the integrated model
formulation composed of Eqs. (1)–(3), (6) and (7). The integrated equilibrium for this hybrid top-down/bottom-up model
then is of dimensionality mþ 3nþ hþM þ 3N as compared with the standard economic model of dimensionality mþ

nþ h and the original linear-programming model of dimensionality M þ N þ 2n variables.

3. Decomposition

The introduction of an energy sector sub-model within the general equilibrium framework becomes tricky when
dimensionality of the energy sector (N þM in our abstract setting) is very large relative to the dimensionality of the
economic model ðnþmþ hÞ. While an integrated MCP formulation is attractive for highly aggregated energy system
representations (Böhringer and Rutherford, 2008), it has limited practicality for large-scale energy systems which involve a
large number of bounds on decision variables. These bounds are treated implicitly in the mathematical-programming
formulation but introduce substantial complexity to the integrated complementarity formulation since they must be
associated with explicit price variables in order to account for income effects.

In view of the challenges presented by the complementarity format we propose a decomposition strategy for the
integrated model in which the energy system bottom-up component can be computed separately from the top-down
economic general equilibrium sub-model. The solution procedure involves iterative solution of the top-down general
equilibrium model given net supplies from the bottom-up energy sector sub-model followed by the solution of the energy
sector sub-model based on a locally calibrated set of demand functions for energy sector outputs. When x and c are fixed
exogenously (i.e. price responsiveness of energy supply is ignored), the top-down general equilibrium model can be solved
as a complementarity problem of dimensionality mþ nþ h. The appendix interprets this decomposition procedure as a
block decomposition algorithm, but the following economic interpretation of the method may be more informative for
practitioners.

Suppose that the computed equilibrium prices are p̄ (based on an initial guess for the energy sector response x̄, and c̄).
The next step in a recursive solution procedure updates the values of x and c based on p̄. One might then consider a direct
solution of the profit-maximizing linear program (4) which characterizes the choices of an individual firm. However, this
approach is quite likely to fail because the linear program does not take account of the response of market demand to
changes in energy prices. Suppose that these demand elasticities are denoted by �. We can then write the calibrated
demand function for energy good i as

eiðpÞ ¼ ēi½1� �iðpi=p̄i � 1Þ� (8)

where �i is the demand elasticity and ēi and p̄i denote the observable reference quantities and prices for the demand
function calibration.6

The calibrated inverse demand function which is returns price p̄ for quantity ē and supply elasticity � is written as

piðeÞ ¼ p̄i½1þ ð1� ei=ēiÞ=�i�

The integrated market demand function isZ
piðeiÞdei ¼ p̄iei 1�

ei � 2ēi

2�iēi

� �

A multi-commodity energy system may then be solved as a quadratic programming problem of the form

max p̄T
ðe� xÞ �

1

2

X
i

p̄iei

�iēi
ðei � 2ēiÞ (9)

subject to constraints (5) in order to compute a partial market equilibrium model for the energy sector based on linear
demand functions locally calibrated to the given macro-economic equilibrium.

Fig. 1 illustrates the basic steps involved in the iterative model solution. The top-down model is solved as a
complementarity problem, taking energy netputs (x̄i—energy sector supplies less demands) as given. The computed
equilibrium determines prices ðp̄iÞ and a set of linear demand curves for energy sector outputs ðDiðp; �ÞÞ. These demand
curves and relative prices parameterize the bottom-up model which may be solved as a quadratic program.
6 The demand elasticity employed in the partial equilibrium model need not be precisely calibrated, but it can derived fairly precisely on the basis of

elasticities of substitution in the general equilibrium model (see Hogan and Manne, 1977).
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Each iteration of the algorithm provides a point at which precision of the current approximation can be explicitly assessed.
As indicated in Fig. 1, a convergence test can be evaluated after the bottom-up model has been solved and before the top-down
economic-equilibrium model is processed. At this point the bottom-up responses are optimal, and convergence can be assessed
solely on the basis of the general equilibrium market clearance and zero-profit conditions, taking energy sector netputs and
ownership shares (x and c) as given. Our decomposition strategy begins with an integrated equilibrium concept, and this makes
it easy to verify consistency of a candidate solution. Furthermore, by working with energy supplies which are optimal for the QP
model, we can use the small dimensional economic model to measure precision.

We graphically portray the iterative solution process in Figs. 2 and 3. Fig. 2 sketches a simplified partial equilibrium
model where we neglect general equilibrium and cross-market price effects. Here, we essentially use the decomposition
procedure to compute a single-sector Marshallian market equilibrium with a nonlinear demand curve ðDDÞ and a piecewise
linear supply schedule ðSÞ. The starting point of the algorithm is an initial estimate Q0 of the quantity of energy supply. This
quantity has an associated market price (marginal willingness to pay) of P0 and market equilibrium point a. Having
computed this equilibrium (ignoring the supply schedule), the algorithm next evaluates the energy market based on a
linear demand curve calibrated to the market equilibrium at point a. The solution to the supply problem maximizes the
sum of consumer and producer surplus (the shaded area), resulting in an equilibrium supply of Q1 at a marginal cost of c1.
Given Q1, the algorithmic steps are repeated to converge at the equilibrium solution ðP�;Q�Þ.

Fig. 3 illustrates the same procedure for a multi-market general equilibrium in which shifts in the demand for one good
induce changes in the demand for other goods through general equilibrium income and cross-market price effects. At the
benchmark point we have an energy demand function D0 � D0 which is locally approximated by a linear demand function
at point a. At the next iteration, changes in energy supplies and associated general equilibrium effects lead to the energy
demand function D1 � D1 which is approximated locally at b. Our iterative (Jacobi) algorithm quickly converges as the
decomposed energy sector is relatively small compared to the rest of the economy: The Marshallian demand
approximation in the energy sector model then provides a precise local representation of the general equilibrium demand.
Fig. 1. Iterative decomposition algorithm.

P*

QQ0 Q1 Q*

P

P0

P1
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D
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b
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Fig. 2. Iterative adjustments: single market partial equilibrium.
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Fig. 3. Iterative adjustments: multi-market general equilibrium.
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Our decomposition can be viewed as a variation of the PIES algorithm (Ahn and Hogan, 1982). PIES was proposed as a
means of solving partial equilibrium models of an integrated energy markets in which the demand system might be
econometrically estimated. Our approach instead computes an energy sector equilibrium for a model in which energy
demands are derived from a conformal general equilibrium model. Our approach is applicable to economy-wide
equilibrium models where we can incorporate income effects.7

Ahn and Hogan (1982) derive convergence criteria for market models with monotone supply mappings and convex
nonlinear demand functions. In our algorithm, convergence results are unlikely to exist due to income effects. Convergence
results for the decomposed framework are unlikely simply because convergence cannot be guaranteed in the integrated model
(see Mathiesen, 1987). This does not mean that the algorithm is likely to fail in practice, but rather that it is difficult to concisely
characterize situations in which the approach is likely to fail. In practice, we have found our approach to be both efficient and
robust. Convergence relies on obtaining a good Marshallian approximation of energy demand functions, and the quality of the
approximation improves when the energy value share is small, as is commonly the case in industrialized economies.

4. Implementation

As illustration of the algorithm’s implementation, we have formulated a stylized representative agent model with two
non-energy goods ðx; yÞ and a set of four energy goods (OIL, GAS, COL (coal), and ELE (electricity)). We begin with an algebraic
characterization of our model in a primal optimization setting. We then provide a reformulation of the model as a MCP.
Next, we lay out the decomposition of the integrated top-down/bottom-up model. We then describe how such a model can
be calibrated to base-year social accounts.8 Finally, we provide some evidence on the computational efficiency of our
decomposition algorithm and the convergence performance of the decomposed model as a function of energy intensity.

4.1. The integrated model in a primal optimization setting

Energy goods are produced by a discrete number of technologies. Aggregate supply of energy good i ðEiÞ equals the sum
of output from all technologies t which produce that good:

Ei ¼
X

t

zit (10)

Consumer demand is modelled as budget-constrained utility maximization by a representative agent:

max Uðxc; yc ; EcÞ s.t. pxxc þ pyyx þ
X

i

pE
i Ec

i ¼ M (11)
7 One way in which our approach differs from PIES is that we solve the bottom-up model as a quadratic rather than a line programming (QP) problem.

Efficient QP solvers such as Andersen et al. (2007) were unavailable in the 1970s and PIES therefore relied on a step-function approximation of market

demand.
8 The numerical model has been implemented using GAMS (Brooke et al., 1996). The code may be found on Rutherford’s web page at https://

www.cepe.ethz.ch.

https://www.cepe.ethz.ch
https://www.cepe.ethz.ch
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where U denotes the utility from consumption of non-energy goods xc and yc as well as from the final energy consumption
composite Ec; px, py, and pE

i are the prices for non-energy and energy goods; Ec
i refers to the final consumption demand of

energy good i; and M denotes the income of the representative household.
Consumer preferences which trade off composite final energy Ec and non-energy goods at a constant elasticity of

substitution (CES) are given as

Uðxc; yc ; E
c
Þ ¼ ðaEðs

C�1Þ=sC

c þ ð1� aÞðxy
C

c yð1�y
C
Þ

c Þ
ðsC�1Þ=sC

Þ
sC=ðsC�1Þ (12)

where sC is the substitution elasticity; a denotes the distribution parameter; and yC is the value share of x demand in the
Cobb–Douglas xy-composite of final demand.

Substitution possibilities across energy goods in final demand are characterized by a CES function:

Ec ¼
X

i

biE
c
i
ðsEC�1Þ=sEC

 !sEC=ðsEC�1Þ

(13)

where bi is the distribution parameter; and sEC denotes the elasticity of substitution.
Consumer income ðMÞ is determined by wages, w, earnings on sector-specific capital, rx and ry, and scarcity rents on

capacities of energy technologies, mit:

M ¼ rxK̄x þ ryK̄y þwL̄þ
X

it

mit z̄it (14)

where K̄y, K̄x denote sector-specific (fixed) capital; L̄ is the fixed labor supply; and z̄it denotes the capacity constraint on
technology t producing energy good i.

Goods x and y enter intermediate demand to energy production and final consumption demand:

x ¼
X

it

ax
itzit þ xc ; y ¼

X
it

ay
itzit þ yc (15)

where ay
it (and ax

it , respectively) denote the per-unit coefficient of non-energy input to the production of energy good i by
technology t; zit is the activity level of technology t delivering energy good i.

Energy supplies enter as intermediate inputs into the production of non-energy goods and final demand. Furthermore,
energy supplies serve as intermediate inputs to the production of other energy goods.9 The market clearance condition for
energy good i is

Ei ¼ Ex
i þ Ey

i þ Ec
i þ

X
jt

bijtzjt (16)

where bijt is the input coefficient of energy good i into technology t producing energy good j.
The labor market is cleared by the real wage w:

Lx þ Ly ¼ L̄ (17)

Likewise, rental rates rx and ry clear sector-specific capital markets:

Kx ¼ K̄x; Ky ¼ K̄y (18)

Upper bounds on energy sector technologies are realized through adjustment of technology-specific rents mit:

0pzitpz̄it (19)

Production of non-energy goods x and y is based on profit-maximization subject to technical constraints:

max pxx�wLx þ
X

i

pE
i Ex

i s.t. x ¼ f xðK̄x; Lx; gxðE
x
ÞÞ (20)

and

max pyy�wLy þ
X

i

pE
i Ey

i s.t. y ¼ f yðK̄y; Ly; gyðE
y
ÞÞ (21)

Three-level nested separable CES functions characterize trade-offs between primary factors and energy in the production of
goods x and y. At the top level, an energy composite is combined with a Cobb–Douglas aggregate in labor and capital
subject to a constant elasticity of substitution:

f iðK̄i; Li; EiÞ ¼ fiðgiE
ðsi�1Þ=si

i þ ð1� giÞðK̄
y
i Lð1�yiÞ

i Þ
ðsi�1Þ=si Þ

si=ðsi�1Þ i 2 fx; yg (22)

where fi is the efficiency parameter, gi is the distribution parameter, and si is the elasticity of substitution.
9 Coal and gas serve as inputs to the production of electricity, crude oil is refined into transportation fuels, etc.
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At the lower level, energy inputs are combined to a sector-specific energy input composite Ei in a manner which
distinguishes the differences in substitutability between electricity, coal, oil, and gas:

Ei ¼ E
yelei

ele;i ðdiE
ðsE

i
�1Þ=sE

i

col;i
þ ð1� diÞðE

y
i;oil

oil;i
E
ð1�y

i;oil
Þ

gas;i
Þ
ðsE

i
�1Þ=sE

i Þ
ð1�yelei ÞsE

i
=ðsE

i
�1Þ i 2 fx; yg (23)

where yelei is the value share of electricity in the Cobb–Douglas energy composite demand of sector i; di is the distribution
parameter; yoili refers to the value share of oil in the Cobb–Douglas oil–gas composite; sE

i denotes the substitution
elasticity between coal and the oil–gas composite.

Energy sector supplies are produced by profit-maximizing firms. A technology t that produces energy good i is then
selected at a level which maximizes returns subject to capacity constraints:

max zit pE
i � pxax

it � pyay
it �

X
i0

pE
i bi0 it

 !
s.t. 0pzitpz̄it (24)

4.2. The integrated model as an MCP

The model presented above omits a number of complications which arise in applied general equilibrium models. These
might include multiple consumers with distinct preferences, taxes (on energy and non-energy goods or factor incomes),
knowledge spillovers, or imperfect competition. In the absence of these features which typically violate integrability
conditions, the integrated model can be solved as a conventional nonlinear program by maximizing U subject to conditions
(10) and (12)–(19). The optimization approach is, however, often too restrictive in terms of the model features which need
to be included for concrete policy analysis.

The complementarity format offers a flexible alternative to non-linear optimization as a means of representing
economic equilibrium models through ‘‘canonical’’ general equilibrium conditions (see conditions (1)–(3)). In the MCP
framework, the algebraic representation of our stylized model begins from the dual cost minimization problems of the
individual producers. For sectors i ¼ fx; yg we have cost-minimizing unit energy costs given by

pE
i ¼

pele

yelei

 !yelei

di
pcol
di

� �ð1�sE
i
Þ

(

þð1� diÞ
poil

ð1� diÞy
oil

i

 !yoili
pgas

ð1� diÞð1� yoili Þ

 !ð1�yoili Þ

2
64

3
75
ð1�sE

i
Þ
9>>=
>>;

1=ð1�sE
i
Þ

(25)

Unit profit functions for x and y are in turn given by

Pi ¼ pi �
1

fi

gi

pE
i

gi

� �ð1�siÞ
"

þð1� giÞ
ri

yið1� giÞ

� �yið1�siÞ w

ð1� yiÞð1� giÞ

� �ð1�yiÞð1�siÞ
#1=ð1�siÞ

(26)

The unit cost of energy inputs to final demand are given by

pE
c ¼

X
i

bi

pE
i

bi

� �1�sEC
0
@

1
A1=ð1�sEC Þ

(27)

and the resulting cost of a unit of final consumption is

pc ¼ a pE
c

a

� �1�sC

þ ð1� aÞ px

yC
ð1� aÞ

 !yC

py

ð1� yC
Þð1� aÞ

 !ð1�yC
Þ

0
@

1
A

1�sC2
64

3
75

1=ð1�sC Þ

(28)

Finally, the unit profit associated with technology t for energy good i ¼ fcol;oil;gas; eleg is:

PE
it ¼ pE

i � pxax
it � pyay

it �
X

i0
pE

i bi0it � mit (29)

Given the underlying functional forms, we observe that the complementarity conditions only will apply for
the energy sector technologies and the shadow prices on the associated capacity constraints; all of the macro-
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C. Böhringer, T.F. Rutherford / Journal of Economic Dynamics & Control 33 (2009) 1648–16611656
economic prices and quantities will be non-zero. By use of Shepard’s Lemma we can then write the equilibrium as the
following MCP:
�

Table 1
Equilibr

Activity

c

x, y

Ei

zit

Ex
i , Ey

i

Ec
i

Lx , Ly

Price va

pc

px , py

pE
i

w

rx , ry

mit

Income

M

Zero-profit conditions:

�PE
itX0 ? zitX0 (30)

Px ¼ 0; Py ¼ 0 (31)
�
 Market clearance conditions:

x ¼
X

it

ax
itzit þ c

@Pc

@px

; y ¼
X

it

ay
itzit þ c

@Pc

@py

(32)

L̄ ¼ x
@Px

@w
þ y

@Py

@w
; K̄x ¼ x

@Px

@rx
; K̄y ¼ y

@Py

@ry
(33)

X
t

zit �
X

i0t

bii0tzi0t ¼ c
@Pc

@pE
i

þ x
@Px

@pE
i

þ y
@Py

@pE
i

(34)

c ¼
M

pc

(35)

z̄itXzit ? mitX0 (36)
�
 Income balance:

M ¼ rxK̄x þ ryK̄y þwL̄þ
X

it

mit z̄it (37)
Table 1 provides a summary of the variables appearing in the integrated model.
4.3. Decomposition

Our decomposition strategy requires that we separate the integrated model into a top-down model of the overall
economy and a bottom-up model of the energy supply system. Within the top-down model, we treat energy system
netputs, i.e. net output, as exogenous. Energy supply activities are no longer endogenous and we can drop Eqs. (30) and
(36). Net energy supplies and inputs of non-energy goods to the energy system enter the top-down model as parameters.
Parameterized energy-sector supplies ~Si and inputs ~xE and ~yE are valued at market prices which implicitly include rents on
specific energy resources (so we can drop these from the income constraint). The adjusted market clearance condition for
energy goods within the top-down model is

~Si ¼ Ex
i þ Ey

i þ Ec
i (38)
ium variables in the integrated model.

variables

Aggregate consumption

Production of goods x and y

Aggregate output of energy good i

Production by technology t for energy good i

Demand for energy good i in sectors x and y

Final demand for energy good i

Labor demand in goods x and y

riables

Price index of final consumption

Non-energy goods x and y

Energy prices for i ¼ foil;gas;col; eleg

Wage rate

Returns to non-energy capital

Energy sector rents

variable

Income of representative agent
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Table 2
Variables and parameters in the decomposed model.

Variables

Si Net supply of energy good i

xE , yE Aggregate demand for x and y as inputs to energy production

zi;t Activity level of technology t producing energy good i

Parameters
~Si

Reference level of demand or supply for energy good i

~pE
i

Reference price of energy good i

~px, ~py Reference prices of non-energy goods x and y

�i Demand elasticity for energy good i
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and the revised market clearance conditions for non-energy goods are

x ¼ ~xE þ c
@Pc

@px

; y ¼ ~yE þ c
@Pc

@py

(39)

The revised income balance (37) reads

M ¼ rxK̄x þ ryK̄y þwL̄þ
X

i

pE
i
~Si � px ~xE � py ~yE (40)

The bottom-up model can be represented as a quadratic programming problem in which the sum of producer and
consumer surplus is maximized subject to supply–demand balances for energy and resource bounds on technologies:

max
X

i

~pE
i 1þ

2~Si � Si

2�i
~Si

 !
� ~pxxE � ~pyyE

s.t.

Si ¼
X

t

zit �
X

i0t

bii0tzi0t

xE ¼
X

it

ax
itzit

yE ¼
X

it

ay
itzit

0pzitpz̄it (41)

Table 2 summarizes the additional variables and parameters appearing in the bottom-up (sub-) model.

4.4. Parameterization

We can parameterize the model with stylized economic data. The benchmark statistics are given in Table 3 in terms of a
micro-consistent matrix. The bottom part of Table 3 provides information on the energy demand structure in sectors x and y

as well as in final demand. The column labelled ‘‘e’’ summarizes total energy supplies by energy carrier i and non-energy
inputs to energy production—in our illustrative case there are only inputs of the macro-good y.

Micro-consistency of the social accounts implies that the sums of entries across each of the rows and columns equal
zero: Market equilibrium conditions are associated with the rows, the columns capture the zero-profit condition for
production sectors as well as the income balance for the aggregate household sector. Benchmark data are typically reported
as values, i.e. they are products of prices and quantities. In order to obtain separate price and quantity observations, the
common procedure is to choose units for goods and factors so that they have a price of unity (net of potential taxes or
subsidies) in the benchmark equilibrium. Then, the value terms simply correspond to the physical quantities.

For a bottom-up representation of the energy supply side we must incorporate complementary information on energy
producing technologies that cover energy demand in the benchmark.10 Note that the benchmark outputs of active energy
technologies must sum up to the economy-wide energy demands while input requirements add up to aggregate demands
of the energy system as reported in the social accounting matrix. For our stylized example, we have implemented a generic
procedure how the aggregate description of the economy’s energy supply side can be further detailed through a discrete
representation of energy supply technologies thereby warranting consistency with the aggregate data set as given in
Table 311: First, one can specify the desired number of technologies which are available for the generation of energy
10 Furthermore, we must include bottom-up technology coefficients (cost data) and capacity constraints for initially inactive technologies that might

become profitable after some policy shock.
11 Note that in modelling practise, the harmonization of bottom-up data with top-down data may require substantial data adjustments to create a

consistent database for the hybrid top-down/bottom-up model.
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Table 3
Base-year social accounts.

x y e fd

x 15 �15

y 100 �24 �76

l �5 �40 45

k �5 �50 55

ele �2 �5 10 �3

oil �1 �2 7 �4

gas �1 �1 3 �1

col �1 �2 4 �1

x, energy intensive production; y, macro-production; e, energy production; fd, final demand; ele, electricity; oil, oil; gas, gas; col, coal.
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Fig. 4. Illustrative energy supply schedules.
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commodities. In a second step, the program randomly generates a cost distribution for each technology thereby assigning a
certain fraction of technologies as initially idle (non-profitable) at benchmark prices. The cost structure of discrete
technologies—fuel costs and non-energy input costs—is then again assigned randomly; capital earnings, i.e. scarcity rents
on technological capacities, are determined as a residual (if a technology is initially idle, the initial rents are obviously
zero). Finally, relative capacities are randomly assigned and scaled such that net energy supply equals the given overall
economic energy demand.

Fig. 4 illustrates the step-wise energy supply structure by technologies in merit order for the different energy
commodities (the number of available technologies per energy carrier has been set to 20 in this example). At benchmark
energy prices of unity, the break-even ‘‘point’’ for technologies is at marginal costs of 1—all technologies that are more
expensive will be initially inactive.
4.5. Computational experience

In order to illustrate the potential usefulness of our decomposition approach, we provide some numerical tests with the
calibrated version of our stylized model. As an exogenous policy shock, we assume a technological breakthrough which
reduces non-energy inputs to non-fossil electricity generation technologies by a half. Our computational results are based
on the solution of nonlinear systems using Dirkse and Ferris (1995) and solution of the quadratic programs using Andersen
et al. (2007).

The decomposed integrated model is solved iteratively in its top-down and bottom-up sub-models. After the exogenous
policy shock, we may first solve the top-down model. Next, we solve the bottom-up model taking into account the
equilibrium prices of the top-down model. The solution values of the bottom-up model are subsequently used to update
the quantities on energy system outputs and inputs which enter into the top-down model.

Fig. 5 provides some evidence on the computational efficiency of our decomposition algorithm. We compare the
computational cost for the integrated model formulation with that for the decomposed model formulation as a function of
the number of energy technologies. It becomes evident that the decomposition delivers substantial time savings towards
an increasing number of technologies.
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Fig. 6 investigates the convergence performance of the decomposed model with respect to the energy intensity of final
demand. The graph shows how iterations required for convergence increase with the size of the energy sector.12 The bigger
the size of the energy sector the poorer is the Marshallian demand approximation in the energy sector to the general
equilibrium demand.13

5. Conclusions

The combination of bottom-up and top-down approaches constitutes a long-standing challenge in applied energy policy
analysis. The formulation of economic equilibrium conditions as MCP provides a unifying framework for combining
technological details of bottom-up models and economic richness of top-down models. However, dimensionality may
impose significant limitations on the practical application of the integrated MCP framework, particularly when the
underlying programming formulation of the energy system includes both upper and lower bounds on many decision
variables. In this case, the explicit treatment of associated income effects—imposed by the complementarity
formulation—may become intractable.

We have presented a decomposition procedure that overcomes the limitations of the integrated mixed complementarity
approach. Our decomposition combines different mathematical formats—mixed complementarity and mathematical
programming—thereby taking advantage of each format: we use complementarity methods to solve the top-down
economic equilibrium model and quadratic programming to solve the underlying bottom-up energy supply model. Our
decomposition technique can be readily applied to the combination of large-scale top-down and bottom-up models for
comprehensive energy policy analysis.
12 In our implementation we use a simple stopping rule where the algorithm is terminated as soon as the maximum deviation in decision variables is

less than one percent between successive iterations.
13 In applications where the energy system should turn out to be of sufficient significance that the decomposition is costly or unreliable, our use of a

complementarity formulation for the general equilibrium model permits selected features of the energy sector to be computed simultaneously with the

macro-economy; the remaining part of the energy system can then still be solved as a quadratic programming problem.
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Appendix A. Decomposition as block partitioning

Begin by consider a nonlinear system of equations in Rn:

FðzÞ ¼ 0 (A.1)

Suppose that the large system of equations can be naturally partitioned into two components. We might then rewrite this
equation system as

FðzÞ � F
x

y

 !
�

Gðx; yÞ

Hðx; yÞ

 !
(A.2)

where G : Rn
! Rm, H : Rn

! Rn�m, x 2 Rm and y 2 Rn�m.
The simplest decomposition method for finding a solution of the original system might involve first solving for x in

terms of ȳ:

Gðx; ȳÞ ¼ 0 (A.3)

and then solving for y in terms of x̄:

Hðx̄; yÞ ¼ 0 (A.4)

This is a diagonalization approach which only works well when the off-diagonal terms, ryG and rxH are inconsequential.
Otherwise, even if this approach finds a solution, it is likely to produce linear (slow) convergence at best (see Harker, 1988).

In order to motivate the Newton algorithm for block decomposition, consider a local sensitivity analysis of the two
subsystems, (A.3) and (A.4). At a given solution point the implicit function theorem provides a first-order Taylor
approximation of x as a function of ȳ at a point x� which solves Gðx�; ȳÞ ¼ 0:

LxðyÞjȳ ¼ x� � rxG�1ryGðy� ȳÞ (A.5)

and likewise, we can express y as a function of x̄ at a point y� for which Hðx̄; y�Þ ¼ 0:

LyðxÞjx̄ ¼ y� � ryH�1rxGðx� x̄Þ (A.6)

The local approximation can then be employed to approximate the omitted equations when solving for x and y. In
practice, however, we cannot easily produce the exact approximation of LxðyÞ and LyðxÞ. Instead, we employ approximations
which we denote ~LxðyÞ and ~LyðxÞ. That is, we solve

Gðx; ~LyðxÞÞ ¼ 0 (A.7)

and

Hð~LxðyÞ; yÞ ¼ 0 (A.8)

Notice that the linear approximation of y, ~Ly, depends on both x and the local approximation point x̄. Our algorithm must
therefore be initiated from a initial point, z0 ¼ ðx

0

y0Þ. Computations in iteration k of the algorithm then consists of the
following steps:
(1)
 Construct ~LxðyÞjxk�1 .

(2)
 Solve (A.7) for xk.

(3)
 Construct ~LyðxÞjyk�1 .

(4)
 Solve (A.8) for yk.

k

(5)
 Evaluate � ¼ kFðzkÞk where zk ¼ ðxykÞ.

(6)
 If �4�̄, k kþ 1, else exit.
Suppose the complexity of solving a nonlinear system of n equations is of order nb. Then the decomposition approach
might provide efficiency improvements as compared with simultaneous solution provided that

nb4mb þ ðn�mÞb þ k

where k is the setup cost involved in construction of the local approximation and so forth. If the only source of
improvement in efficiency were related to the role of the equation counts in the master versus subproblems, it seems
unlikely that we would have much reason to consider this approach. However, if one of the subproblems has special
structure whereby the system of equations can be solved much more rapidly, then the approach may offer considerable
advantages.

Our energy–economy algorithm is somewhat more complicated than the nonlinear system of equations presented here.
In our model, the economic general equilibrium model is a smooth system of equations whereas the energy supply model
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involves weak inequalities with complementary slackness. The system of equations and inequalities can be written as

Gðx; yÞ ¼ 0 (A.9)

Hðx; yÞX0 ? yX0 (A.10)

In most cases, the system of equation Hðx; yÞ corresponds to the first-order conditions for a particular quadratic program
which can be solved very quickly using an interior point algorithm. We then employ ~LyðxÞ ¼ ȳ when solving the economic
model, as in (A.3), and we employ a first-order linear approximation for ~LxðyÞ when solving the energy supply model, as in
(A.8).
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Sektor—Forschungsmemoranden 13, 1–24.
Pressman, I., 1970. A mathematical formulation of the peak-load problem. The Bell Journal of Economics and Management Science 1, 304–326.
Rutherford, T.F., 1995. Extensions of GAMS for complementarity problems arising in applied economics. Journal of Economic Dynamics and Control 19,

1299–1324.
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